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ABSTRACT

In the MIGIl queue, the joint distribution of the virtual
waitingtime and the residual duration of the busy period at any
time t , is given by s formula analogous to the one for the virtual
waitingtime by itself. In the limit, as t = ®, the limiting joint

distribution is given by a formula of the Pollaczek~Khintchine type.
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Introduction

In this paper, we study the joint probability distribution of
the virtual waitingtime T(t) and the residual busy period o(t)
for a queue with Poisson input and general service times,

We may phrase the problem considered as follows. We consider a
queue with Poisson input of rate A and general service time distri.
pution H(*) in which the customers are served first come, first
served. If at some time +t, the input to the queue is shut off it
will take en additional length of time T(t) before the server bee

comes free. This is the virtual waitingtime. If the input is not

shut off, we denote the additional length of time until the server

becomes free by 9(t) and call it the residual busy period. WWe meke

the convention that ©(t) =0 if T(t) = 0.

We define the joint probability distribution of T(t) and 8(t) by

(1) & (oy) = P{o(t) < x5 Mt) <y | & = 1}
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The initial condition go = 1, which we will postulate throughout our
discussion, says that at t = O, there are i > 0, customers present
and that one of them is beginning service at t = 0. It is easy to
modify our results for different initial conditions. Before stating
the main theorems, we will recall some known results from the theory
of M\Gll queues. If we denote the distribution function of the
length of the busy period by G(+) and its Laplace-Stieltjes trans-

form by wv(s), then for every s with Re s > O we have:

o0

() y(s) =mls + A - wy(s)],  n(s) = | e aH(x) ,

and wv(s) 1is the unique rodt in the unit disk of the equation:

(3) z = s + A = Az], lz] <1.

Moreover, a busy period with 1 customers initially has a length,

whose distribution is the i-fold convolution G(i)(-) of a(-).
The beginnings of busy periods form a (general) renewal pro-~

cess, whose renewal function we denote by M(t). Its Laplace-

Stieltjes transform m(s) is given by:

() n(s) = +2— y'(s) [1- 532~ v()], Res>o.

Furthermore, in one of the proofs below, we will make use of the

following quantities. Let Gig)(x) be the probability that a busy



period with i customers initially (i > 1) involves at least n
services, that the n-th service is completed before x and that at
the end of the n-th service Jj customers are waiting. We define
G§§)(x) = 6ij U(x), whgre U(-) is the distribution degenerate at
zero. The quantities Ggg) were studied earlier by Takdcs [11.

They satisfy the recurrence:

j+1

+ X X=11 v Vj-a+l n
o o) LT e s
a=1

for n>0.
Upon taking Laplace-Stieltjes transforms of the G(zg(x) we

readily verify that the generating function of these transforms is

given by:
© -1
(6) Ej }: g§§)(s) 73 = z[zi - yi(s)] [z - h(s+k-kz)]
n=o0 j=1

The two theorems proved below are:

Theorem L1

For Re € > 0, Re s, > 0, Re 5, > O, we have that:

1 2

, Fle() <xm(t) <y | g = 4]

b

(8) f: e Stat I: J: e—slx-sgydX

=) TE+ A - w(E)TTH

-1
+ [sl + s, - € + A h[sl+s%+l;ky(sl) - hy(sl)]
. E+A=Ah[ s, +s +A-Avy(s, )] .
{(VH(8) e - Hlsy + 5+ & - ()]

=<}

= f e~ Stat E{exp {-1(¢) [sy + s, + A - hy(sl)]}} .

&)



Theorem 2:
If and only if 1 - Ao > O, does the limiting distribution
@w(x,y) exist. (o is the mean service time)

Tts Laplace-Stieltjes transform is then given by:
1 2
@ [ ] e a e (x,y) =
o ©

[Sl + S5 + A - hy(sl)] (1 - ra)

5) S, * A h[sl+sz+h—xy(sl)] - hy(sl)

The proof of Thm. 2 is immediate from formula (8), and the proof of
the existence of the limiting distribution for the virtual waiting-.
time. We notice that (9) is analogous to the famous Pollaczek-

Khinchine formula to which it reduces for sy = 0.

Proof of Theorem 1

We will present two proofs of theorem 1. The first proof as-
sumes the distribution of T(t) known and proceeds via a conditional
expectation argument. The second method is from first principles and
though much longer, gives a novel proof of the formula for the distri-
bution of the virtual waitingtime. It also yields a number of ex-
pressions of independent interest, which we will use in a forthcoming

paper on queues with alternating priorities.

The proof by a branching process argument.

Let ﬂ(t) =y > 0, then the probability that v customers arrive

- >0
during the time interval (t, t+y] is given by ¢ >Ly(xy)v/\)f, vy,



The instant t+y is clearly the time of a service completion
in the queue. It may also be considered as the beginning of a long

busy pericd with v customers initially. Therefore:

I

¥, Vv new arrivals]}

(10) Plo(t) <x | n(t)

= G(v)(X‘Y)’

v>0,
and:
(11)  Ple(t) <x | n(t) =y} = i eV ey %@v
v=o

Integrating, we obtain:
(12) E{e_sze(t) | 1) =y} =

i? A (ﬁ¥)v jw S, ¢ ey - e‘y[se+l’hV(se)]

v=0 y

The last part of formula (8) now follows by integration over y
and t .

If the queuelengtn at t =0 is i > O, then we have

(13)  Pln(o) <yl = 1) (y)

The result in the first part of (8) is then obtained by substitution
of (13) and the second part of (8) is the known formula for the

Laplace-Stieltjes transform of the distribution of TM(t) .



The proof from first principles.

The crucial part in this proof is the evaluation of the following
probability, which is of independent interest.

Suppose we have 1 customers at t = 0, one of who just enters
service., We define Yt(x,y) as the probability of the event that at
time t the queue nas not yet emptied out, but that it does so be-
fore time t + x and that the virtual waitingtime at t does not
exceed y . We note that the definition of Yt(x,y) requires in
addition to that of @t(x,y), that the server hds not yet become idle
in [o,t].

In order to realize the event in the definition of Yt(x,y)
none of the service completions before 1t can result in an empty
queve. Let the last service completion before +t occur at time
u (u<t) and be the n-th (n >0) and let there be j customers
at time u . Let there be v (v > 0) arrivals of customers in
(u,t} and let the first service completicn after t occur at time
T (7 > 0) . Let there be r customers in the queue at time T ,

1

so that r, - j - v+ 120 arrivals have occurred in (t,7] .

Furthermore we denote by Ty the time at whicn the j + v - 1
customers who were in the queue before t complete service. The

total service time of these Jj + v - 1 customers is then T - T>0.

Finally let r be the number of customers in the queue at time

Ty then r - ry +J+v-1>0 new customers have arrived in the

interval (t,Tl]. The busy period with r customers initially at

T, comes to an end at time T, . (72 > Tl)



The event in the definition of Yt(x,y) occurs if and only if

in addition:

(14) T

<t +y, T, <t + x

1 2 -

If we express the complex event described above in terms of known
probabilities and sum over all allowable choices of

n, u, j, v, r t, T2 we obtain:

1° Tl,

© © © © «©

) ey LY T

n=o j=1 wv=o0 rl=j+v-l r=rl-j—v+l

t+y

D

d
) () () (o3

+X

G(zg(u)e-h(t-u) Avg?—u)v oM (7-t)

2
r—rl+j+v-l
}\rl_J—\H—l (T-t)rl-J'V+l '}\-(Tl—T) \:}\.(Tl-"-)]
d H(r-u) e 0 o)
(r-3-v+1)! RN AL At
a 19V (¢ rja 6 (r por)
Next, we evaluate the triple Laplace-(Stieltjes) transform
- ® =Sy o =S¥ i}
(16) e 5tat e ° e T dx,y Yt(x,y) -
jo Jo Io
n=o Jj=l1 wv=0 rl=j+v-l r=rl—j—v+l
_ -5.x Lt t+y
LS T 0 e e s
(t) (y) () (u) (7)
. H(J+v-l) (tryer) @ ) e AGm) [A(e=u)]” a(r-t)
-J -yl ' orer.+jtv=l
[A(T-1)] 'l(t+Y-T) [A(try-T)]

(r=g-v+i): (r-r +j+v-1):



After routine, but lengthy calculations involving in particular

formulae (2), (6) and (7), we obtain:

0

®  ® -8 X-5 Yy
(17) fo e 5%t Jo jo e T+ 2 8y, Y loy) =
v (8) - s ve () |
51785 1

sl+sg-§+hh{sl+sz+h—ky(sl)]-hy(sl)

The relationship between @t(x,y) and Yt(x,y) is simple. We
distinguish in @t(x,y) between the cases in which the queue has
never emptied out in (o0,t] and the one in which one or more be-

ginnings of busy periods have occurred. We get in this way that:
18) 2, (xy) - 2.(0,0) =

. t
ey + [l ona nt

The superscript refers to the number of customers at the beginning

of the timeperiod to which the VY-function relates.

Furthermore:
(19) [ &g (0,00at = v (E)NEA-ay(E)]T
o

by consideration of the renewal process of the ends of busf periods.

Finally, if we take the desired transforms in formula (18) and
substitute from (4), (17) and (19), we obtain the expression given
in (8). A direct way of proving (9) consists in multiplying by &
in (8) and taking the limit as € tends to zero. One must then

give ah extra argument to show that the limit so obtained is the



Laplace-Stieltjes transform of a bivariate probability distribution.
The easiest way of doing this is to note the second relation is (8)
and to appeal to the known theorem concerning the limit law for the

virtual waitingtime.

Moments of the joint limit law

We consider the moments of the limiting joint distributicn of
6(t) and TN(t). These may be obtained by differentiations in for-
mula (9). Since the calculations are lengthy, we only record the

results found. We denote by Me and Mﬁ the means of the distri-

bution corresponding to (9). Provided the second moment a2 of

the service time distribution exists, we find:

) %
(20) My -—52 (1 - ra)™2

A
(21) My Z2 (1 - a)™3

Likewise if the third moment o, of H(') is finite, we find for

3

the variances and covariance of the distribution (9):
— -3 | 2

(22) vary = 75 A1 - ) {ua3 - 3a(1 - xa)a2] s
1 -2 -k 2

(23)  varg = o5 AL - 2™ [bey - 3] (2-r0) 2 k2],

and

(24)  cov(e,n) = i% A (L-he) "2 [ua3-3x(1-xa)'1[(1-xa)‘2-2]a§] :
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We stress the fact that 8(t) was defined to be zero whenever

N(t) = 0. Since moreover 6(t) =0 also implies that M(t) = O a.s.
it is easy to find the joint distribution of the random variables
8(t) and TM(t) conditional on the fact that t is not during

an idle period.
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