Non-central distributions of the smallest and second
_ *
smallest roots of matrices in multivariate analysis
by

K.C.S, Pillai and S, Al-Ani

Department of Statistics
Division of Mathematical Sciences

Mimeograph Series No. 150

%
This research wassupported by the National Science Foundation, Grant No,
G’P-7663 . . ’



Noh-central distributions of the smallest and second
*
smallest roots of matrices in multivariate analysis
by

K.C.8. Pillai and S. Al-Ani

1. Introduction and summary: T.he non-central distributions of the

largest roots of three matrices have been obtained by Pillai and
Sugiyama [8] and those of the second largest roots by Al-Ani [1].

In this paper, the non-céntral distributions of the smallest and the
Second smallest root of a covariance matrix and those in the case of
MANOVA, Canonical Correlation and test of equality of covariance matrilces
are considered, In the last section)the distributions of the sum of the
two smallest and two largest roots of a covariance matrix and their
ratio and sum are considered when p = 4, hovever, Pillai and Al-Ani

[6] have obtained earlier the distribution of the sum of the two smallest

roots for p =3, 4 and 5.

2. The distribution of the smallest root of a covariance matrix. ILet

X(p x n) be a matrix variate with columns independently distributed as

N(Q,E), then the distribution of the latent roots 0 <w Leee Sw <@

1 P
of X X' depends only upon the latent roots of % and the density of

0 < B <8 S ... £ g, <‘w, where g = wi/2, i=1,...,0, can be written
in the following form [6]
-tr G

-'él'l m t
(@.1) xe.n)|z “lgl®e ~ (g -6
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wvhere = 3 (n-p-1), G = diag( g ) and Xk(p,n) = H%P /T (in) r (l )
ere m= 5 ~p-i), & = diag gl>‘9!3bp b, = p'2 P 2P .

Now transform q = gl/gi, i=2,..,,p) then the joint density of gl and

q29-~o,qp is given by:

—np -1 -g trQ

2 - - - -

(2.2) Xx(p,n) g, e ~ lz-ql Il ™® T (g5-0;) F (I 9,
: 1> J

gl"‘l ) 3

where Q = diag(l,qz,...,qp), Q= diag(qe,,,,,qp), Now, by using the re-

sults of Constantine [2], namely, CK(L;I) = L&!'q(CK(L)/C (L)) (L)
K K

*
1 i > = - -
where e, is any integer > kl and K (% l””’%‘kl) and

“n-p-l-e
K = (kl”"’kp)' Also expand lgil P

! as well as CK(E:Ql), then
using the results of Khatri and Pillai [5] on the multiplication of two

zonals polynomials, (2,2) can be written in the following form:

(2.3) K(p,n) %np-l 1l T ( ) - Cie (T2 by @ 1)8
2,3) k(p,n) g I=Q a5 ): T ASEA
? 1 >3 £ - K KT CKZ 1) s=o 1 st

c.(I) = t (-1)° a
k+s 6 5\~ m+p+e+1)

. b T % = -_-.(—)_L-
g T ey —mc,*l . z 1—-1;-9——,0 (1)

=0 T : d=o v

Y
y 6 ,v

*
vhere 6, Y are the partitions of k+s, and d+pe-s-k and & = (eqép,...,e-ﬁl)

where e, is any integer z 6 and 6 = (6 ,...,6 ), the constants
&
gn 2 gY are defined in [5], and a, ,, defined in [2]. Now integrate
? 5 v
2



. i > > >, > . ' :
(2 3) with respect to 1 q2 q3 . q‘p The density function of g:L

(2.4) T ((p+1)/2) - £ =z o2 ) 5 (1" >
. p+l g -——-——-(—)——
__I_),._.__———-——-—-l k=0 K K CxtL s=0 9 s: &
N
" d
C, (1) = t - (-1)a
& 6\~ m+p+eqtl) T,V Y
&y oy =& el o) 2oz z g
T,K CG* L t=0 T & T d=o v Cyll Y 5*,\)

Cy(D) (p(p+1)/2 +a + pers-k)(T ((p+1)/2,Y)/T (p+1,Y)) .

If %=1, in (2.1), then density function of g, can be written in the -

following form;

1 K

Spn-1 -g. @ (~g,) C.(I) =
(2.5) ¥ (p;n) gi e T ¥ % k,é (I’;"’ D> ﬁ-l—t-—lmJ't_’,’e*chT(I)
k:o K * K*N t=o T . ~

d
; z—-j—)—z—('l) Y s g c. (1) (I__.(p/2,8)/T_ . (p+1,8))
g I P i) p+l,
a=0 v L 5 vt 0~ Tp-l T pel ’

i
where k,(p,n) = (nP-2 Fp_l(p/2+l)/rp(n/2) I'(p/2)) . The form (2.4) given above
for the smallest root is simpler than the one given by Pillai and Chang [7].
3. The distribution of the second smallest root. Let Z =1 in (2.1) and

transform 4 ='g2/gi, i =3,...,p and by the same method as in section (2),

the joint density of gl, g, can be written in the following form:



n (g, *e,) - (-8,)" ¢ (I)
(3.1) ky(p.n) ] m(P 1)+(p-2)(p+3) P12 (8,72, kfo E k?gc *C%N
~ K

- d 2
z z(——ﬁ-—m+P+ L) ¢, (1) ): > (1) 2y B2 ) g

Y ————t 3
t=o T d=0 V Cy(D =0 gg 5

6

g(K*’\) ,11’) C&(E,P_z) (FP_Z(p-l)/2,6)/Fp_e(p,é))

where C(4) = (—l)z (22)3/(£!)2 o x(1) , where ¥ (1) is the degree of
[21"] r21’]

of the representation [le] of the symmetric group of 24 symbols, and

such that
X[K](l) = k! H (k -k, -i+j)/ ﬂ (k +p-i)! and
i<j J i=1
S Op-
€= (k Zky> ... 2k >0) end ky(p,n) = 2l P 3Fp_2((p+l)/2)’l"p(n/2)

ro_o((2-2)/2) -

Integrate (3.1) with respect to 8> then the density function of &5 is given

by
" K
(3.2) k,(p,n) gm(P-l)+—(p 2)(e+3) B2 5 (-8,)" C(T)
P =0 k! CK*(’L) teo T
d
(m+ptegl) ; . (-1 a_ p;:z 5
ERr o (D) v THT =z c(£) § g(K* Ly ¢y (Tpz

(C,_4(2-2)/2,8)/T,_5(2,8)) (gyT(0;ey3mtat1) - (0@ 5mH+2)) ,

b c-1 ~x
where I(a,b;c) = j x e dx

a



L, Non-central distribution of the smallest root in MANOVA csse. Let f)\()

be a p x n, matrix variate (p < nl) and Y a p x n, mnmatrix variate

1 2
(p < n2) and the columns be all independently normally distributed with

covariance matrix X, EX =M and EY = 0 . Then it is known that ..,XZ(..' = '§l

is non-central Wishart with ny degrees of freedom and YY' = §2 is

central Wishart with n, degrees of freedom and the covariance matrix

Z, respectively. Let 0X< .(',l < 17,2 < ... < '@p < 1 be the latent roots
: -1 . .

of 3 5 then the joint density of £

[3]

IEARE ,LP is given by Constantine

? (Vg € Q) (L)
(3.1) c(p,ny,my) exp(er-D) |zf™ [Lzl® T (4-2)) = = e 5 St
>5 9 keo K (n)/2) C(D)K!

where ( is the non-centrality matrix, %M' E—l

and c(p,nl,nz) = HP72 Fp(v)/Fp(p/E)Fp(nl/z)Fp(n2/2), m = %’-(nl-p—l),

M, and L = diag(fy,...sd)

1 1
n = -2-(n2-p-l) and v = -2-(nl+n2) - Now transform £/ =1 - £, and expand
C¢(I-L'), Then the joint density of 1> 45 > 43> ... > L >0 can be

'~

written in the following form

(4.2) o ) exp(tr0) |L™ |z-1*|™ 1 (21-41) : = O 6 ®
. c(p,n,,n,) exp(tr -1t 014!
1272 ~ 12 ~ A i>5 9 1yl an72,K k!
k S
T Z(-1) 8 o(L")/cy() -
s=o ) ©0 L



Now from the results of Pillai and Sugiyama [8] , the density function

of zl can be written as

@ (\))K CK(Q)

k
(4.3) c.(p,n,,n,) exp(tr-Q) ¥ T CWANS X
1 172 ~ x=o K ‘™M 2 K ks 8=0

('l)s a‘K

M

o ({p*1-n,)/2) (n,/2)
ott) /e 5 1 2
S’f ((pny/2+s+t)/tt) 0?6 &0 ((n2+p+l)/g)6 Cé(fp)

pn2/2+s+t -1
(1-2,) ,

vhere ¢ and &8 are the partitions of t and s+t respectively and
= + +p+ .

Cl(P,fll: n2) TP((P 1)/2) I"P(\))/I"P(nl/E) Fp((n2 p+1)/2) Also, from

the results of Al-Ani [1], the density of 1.2 can be written in the

following form

(kd)  cylp,ny,m,) exp(tr-g)(l-ﬂg)n(p-l)+(p'2)(P+l)/2 5 5 Wy %)

i S '
k=0 Kk &° (nl;zjlc

(-1)5 a (
© o« -m) p-2 t+2+S
K [} 2
¥ T —1741— I r oc(g)/et % (1-2.)
“s=0 T C'ﬂ E, t=o <o b £4=0 Tyv 2
] . Y - -
B((1-45),1;0%p%s,-45mtl) T g, C (L1 )(ny-1)(p-1)/2+t+%s,)
Y (l:clv)

(Fp-l( (n2-l)/2’Y)/rp—l( n2+ P'l)/g:Y)) ’

b
where B(a,b;c,d) =j xc-l(l-x)d_ldx H
a



c,(p,n;5n,) = Pt ry(v) rp_l((p—l)/e)/rp(nl/a) r(ny/2), end o &re

2

constants defined in {2], T and v are the partitions of 51 and 85

such that sl+52 =5 and vy is the pasrtition of z+s2+t .

5. The distribution of the smallest root in the cononical correlaetion case.

Let the columns of (}}) be n independent normal (p+q)-dimensional variates

Y=

(p < q) with zero means and covariance matrix

51 Iip

Zop

™l
i

Ilet R = diag(rl, Tpseees rp), where ri, very ri are the characteristics

roots of the equation
-1 2
XX X! X' v« 1 M =0
XX % X -5 % Kl
and also P = diag(p., psy +++» p._) vhere p2 ‘oo p2 are the
~ 1) 2) > P l) 2 p
characteristics roots of the equation

|~l2 ~22 ~12

Then, the density funetion of r2,

FIRTLY ri is given by Constantine [3]

in the following form



(5.1) 4 (n,p,q)'g‘_f‘e'n/e l52|(q-P'l)/le_Ea'(n'p_q'l)/e 1 (r?-—ri)
i>J
= R)fe) 0 (B) o (F)

k=0 E (q/2)K k! CK(Eé)

2
Fp(n/e) P /2

vhere c(n,p,q) =
rp(q/2) FP((n-Q)/E) rp(p/2)

]
As before; transform ri =1 - r?, i1 =1,...,P , then the density function
of ri can be written as
2
o 0f2 e (n/2) (af2), ¢ (F°) X (-1)° a
. K K, K
(5.2) C(n:P:Q)II‘P| r % P ¥ W—‘-D
' ~ k=o K  (q/2), k' s=o N NS
P (Glajeenin) 8 & (meafe), sl
P pi\n-d 2+s+t/t! & g P-q'l'l 2 ~ T
o o Mo o ((n-qtp*1)/2),
5 p(n-q)/2+s+t-1
T - 2
Cp(Zp) (1-r))

fp(n/2) rp(p+1)/2)

wvhere c. {(n,p,q) =
PR (o) 1 ((a-a)f2)

Also the density function of rg can be written in the following form



(5.3) ca(n,p,q)lI—Peln/e(l-rg)f<n'q-P-l><P-l)+<P-2><P+l>¥/2 o
~r =0 K
2
(n/2)(a/2), C(F") x . (-1)° a, 0 S ((p~a+1)/2)
(a/2), k! s=o T C(I) t=o o t!

-

p-2 5 t+ets
vy c(zg)/et % 8 \)(l—re)
4= T,v 7

% B((1-r5), 13 (n-a+p-1)/2 4 45 (a-p41)/2)

S gl ¢ (L _;)((n-a-1)(p-1)/2%4+a4s,) (T, ((n-q-1)/2,)/
Ve

rp_l((n—q—l)/E,Y)) »
where c,(n,p,9) = Pt rp(n/z) T‘p_l((P-l)/2)/Fp(C1/2) I“p((n-Q)/E) .

6. Non-central distribution of the smallest root of El E; . Let

and be independently distributed as Wishart W(nl,p,v ) and

~1
W(ng,p,zé), respectively. Let the characteristic roots of 1 Eél
-1

Eﬁ_Zb be denoted respectively by c, and ki, i=1,.0.,p

5, 5

and

and such that 0 < cl < c2 < vae < cp <o and 0 < xl < xa

Let w, = 5t ci/(1+5'ci), i=1,000,p; §' >0 and E = diag(wl,...,wb),

< eee <) <™,
Y

and A = diag()\l,...,xp), then the distribution of LATRREFLA is given

by Khatri [47] in the following form
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1 -1
- S L O o
(6.1) c(p,mn)|stal [wi™-w]™ n (w vy ) ¢ % - s
~ ~TY i) k=0 K k! cK(I)

where m, n and v as defined in section (3). Then, as before, the density

function of w can be written as

1
-1 .
0 /2 = (W e dI-(6')) k (-1)%
! ~ ~
(6.2) cl(p,nl,n2)|6 Al Y % o T % -_27133—43
m ((p*1-n,)/2) (n,/2) pn,/2+s+t-1
b 1 g 2 "% 2
v 2 (pn,/2+s+t) g —— c (I M1-w,) .
teo 0,8 2 N0 t! (neTp+1)6 s op’t L
Also, the density function of W, can be expressed in the form
e ke (v e (T-(e)h) ok
~ k=0 K _ s=0 T
(-l)S aK ® p-2 t+z+52
*—E—(TT—LH MK (—m)c/tz r oc(s)/at © aT v(l—WE)
n'~ t=0 o L=0 T,v o’
. Y
- . -0 *m+ - -
B(1-w,),1n¥pts -45mil) % g e (I 1)((ny-1)(p-2)/2+t+0%s,)
‘Y-
(l)c;V)

(ry o ((mp-1)/2,v)/r ) ((ny1p-1)/2,v)/r p1b(nyte-1)/2,v)

Vﬂbu- = MLP=1) 4 L(P-DLP+Y)
T. The distribution of the sum of the two smallest (largest roots) Let

v=I in (2.1); p = 4 and transform M, = gl+g2, M, =g *g, and integrate

1 2 3

and g, over the region 0 < g, < Ml/2 and M1/2'5 g < Mé/z re-

&q 3

spectively, then the joint denéity of Mi and Mé can be written in

the following form
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, M omy B om -k m-k O om 102553
(7.1) Xk (%n) c B (IeR) L (2 e
=0 1=0 J=1

2 42
( ang "bjl\’f; ) >

where kl(ll-,n) = k(h,n)/22m+3 and

= { (m+1)2 + 15(m+k+1.t)}/8(m+i+l)2(m+k+3 )u ,

ol
a, = - (m+k+6)/2(m+i+l)2(m+k+2)3,
8y = = (wa) (mH)/2(mtin ), (wiicie); + [ (ntio2) (miicrd) 770 -
(3m+31413 ) (b (mticth ) +(mts 1), )/ (w243 ), (mk41),,
8, = - (m+i+6)/2(m+k+l)2(m+i+2)3 s
oy = {(hmthi925)(me3+1), - B(mri+l)(mti+5),}/ (mi43)) (mi1),
by =0 (meitb)
b, = {(m+k+2)3(m+i+1)f- (m+i+3)2(m+k+l+)(m+k+l)/2(m+i+l)’h(m+k+l)3} s
b3 = (m+k+6)/2(m+i+l)2(m+k+3 )2 - (2m+2i+l)/(m+i+l)2(m+k+2)
+ (m+i)/2(m+i+2)2(m+k+l) + 3/(m+1+3 )(m+k+2) + (m'+k)/2(m+z:+)+)(.m+k+1)2 s
6
b, = X e, . [J(mri+i ). (m+k+i_ )
b i,i= vt B 277
where cl,l = Cl’e = Ca’l = 03,5 = C)_I.)5 = Cs)ig = 06;5-2 = O, all 12 > 1

°13 = -3/2, cj,h = -1/2, °15 = 5/8, ¢ o = 1, e 3 = 3, ) 1/2

¢ 5 = -5/8, 31 = 1/2, °3 2 =3/2, e3 ) = -1/k, 1= -1/2

¢y p = 1/2, e 3 = 3/h, ¢ g = 5/8, ¢,1 = -1/8

by = (3m13K420)/(mi+1 ), (mHicth ) (mtk6) + (m+i+2)/2{(m+i+3)2(m+k+2)} +

(mii2)/2  (wris3), (mtkth) - (kmh1425)/8(m+1+45),, (m#k+2)

where (s;)b = a(a+l), ..., (atb-1) .
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Integrate (T.1) with respect to M, then the density of M, can be written
in the form

Moo -k mek O i 2 5.5 K+2
(7.2) k (4,n) e kgo (il)(n?) Mg iEo (?)(—27 jgl M J(aJ.Mgl+

I(O,Mé;2m+2+j) - bjI(O,Mé,3m+k+j+h) .

Also, integrate (7.l) with respect to M

X then the density of M1 is

given by

-M m m . 5 .
wmk&mel@ﬂéqu:i®wﬁ_iwg%m

+
2m-j+8) - bjMT k2 I(Ml,w;m+6-j-k) .

Now, let T =M +M, in (7.1), and integrate M, then the density

1 1l

funetion of T reduces

hm+9 T

(7.4) 1 T e .

T (m+10)
Further, transform R, = MIl/M2 in (7.1) and integrate M,, then the
density function of Rl can be written in the form

m m . 5
K (hn)(1em )~ (40H10) p2mdl o my pyk o my oy g
2 R R i=0 3=1

j m+k+2
R -b.R

where ke(h,n) = I"(4m+10) kl(h,n) .
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