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1. Introduction

In this paper we shall evaluate for "large" and for "moderately
large" samples the efficiency of some non-parametric methods, in partic-
ular, those of the Kolmogorov-Smirnov type, for both the one~sided and
the two-sided testing problems. We also discuss, in general, some of
the problems of moderately large samples.

In the two-sided case, the Kolmogorov-Smirnov (K-S) and Kuiper tests
are asymptotically as efficient as the median for location parameters in
the symmetric unimodal case. We have compared, numerically, the relative
efficiency of the K-S test to the median for double-exponential and uni=~
form alternatives for 'reasonable" sample sizes, and we find a slow
approach to 1.

For the one-sided case, the situation is different. Here the effi-
ciency depends on the specific test used. The analysis of this situation
indicates that a better test statistic than the one-sided K-S test is to

use the difference of the positive and negative deviations.

2. Preliminaries

For both the one-sided and two-sided tests, we assume that the sample

sizes are sufficiently large that the asymptotic distributions are suffi-
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ciently good approximations. Also, for the two~sided case we assume that
the sample is sufficiently large that the weight measure (Loss function
times prior probability measure) is approximately proportional to 69 for
rejection of the null hypothesis and to lelqde for acceptance - our cal-
culations here are only carried out for q = O. For the one-sided case we
assume that the weight function is approximately proportional to lelde
for either kind of error - the author has not been able to find a practical
example of any other kind.

We assume that the scale has been chosen so that the density at the

median is %, and we define

X, = 2/n sup (Fn(x) - F(x)),
X =2/nswp (F(x) - F (x)),
X, = ¥n (z - F (0)),
® =¢no,
where the null hypothesis is © = 0,
With this normalization, the median for small ¢ is approximately
X, / /n, and X, 1is approximately normal with mean ¢ and variance 1.

Also, under the null hypothesis, by the usual methods the joint c¢.d.f. of

X, and X_ is found to be [1] for a, b >0,

c 2 ©
(1) P(x+ <a, X <b) = Z o" ;- (a+b)2 } Ze— % (na+(n-1)b)2

Under the alternative ¢ ,

(2) Z/H(Fn(x) - F(x)) = Z/E(Gn(x-e) - F(x-0) + F(x-8) - F(x))

1]

Yn(x-e) - 2 £(x-\6)

~ Yn(x) - 29 f(x),

and so



(3) 2/R(F FTH(E) - £) ~ X (8) - 2grr T (v),

In the double-exponential case 2fF'l(t) =1 - 2|t-3|; in the uniform
case 2fF-l(t) = 1; and in general, 2fF_l(%)=l, 2fF-l(t) > 0 and unimodal
at 3. We will for certain purposes consider an "extreme" distribufion with
density % "at 8" and "O" elsewhere. In the sequel we shall use h
for 2fF T,

For the double-exponential case, we éan find the limiting distribution
of the maximum and minimum of X+ and X_ given XO as
| N =]

f 2 2
(,‘l‘) P(X+ _<_ a, X_ _<. blxo.':q) =£y e'n (a+b) - n(a+b)q

—l
-~ o

'ie-(n“(“'l)b)z - (na+(n—1)b)(9 2

-Co

independent of ¢.

3. The one-sided case

In this case, the weight density is typically a multiple of le - Qoi

where GO is that parameter value at which there is indifference as to
2
which action to take. If we use a statistic with variance % s we

would obtain the Bayes fisk as

X+ )2 a 2

= [ 1 =18
(5) o= ] lelr TR -2 %
ox > 0 '

O

Thus we see that, for regular estimates, the efficiency is propor-
tional to 1/02. We have chosen o®= 1 for the median by our choice of
units. Let us now consider what happens for the one-sided K-S test with
uniform alternatives. Here the probability of error is

~Har)® 0 >0,
(6) l\ 1 - e"-%‘("“m)2 -a< <o,

0 @ < -a,



so, letting p¥ = %?

<) 1 2
(7) or = 4o+ [ e 2() g

This is minimized at a = -g , obtaining

(8) p¥ =1 - —E = .2146

for an efficiency of 2.33.

If we consider instead the statistic X - X, we find from (1)

that
© n2)\2
. <« -
(9) P(X, - X_>2) = 21 e” 2,
hn®- 1
n=1
yielding
o 2 2 2
(10) p*=J- lle——z,-L— e'znxdx=1-111-2—=.1776.
- Ln®~ 1

n=l -

The efficiency of this test is 2.82, so that the test is 1.21 times
as efficient as the usual one-sided K-S test.

For distributions with very large tails, the one-sided K-S test.
discriminates weli against shifts in one direction, but poorly in the
other. In thé "extreme" case,. no one-sided test has finite asymptotic risk.
Even in the uniform case, the improved discrimination can be seen from the

following table of error probabilities.



| o] K-S (p > 0) K-S (9 <0) DIF

0.0 4559 5hll .5000
0.2 .3478 4258 .3763
0.4 .2549 - .3052 .2623
0.6 L1795 .1922 L1664
0.8 .1215 .0980 .0931
1.0 .0790 .0276 .0l51
1.2 .0498 .0014 .0187
1.4 .0296 0 . 0066
1.6 .OL71 0 .0020
1.8 .0095 0 .0005
2.0 .0050 0 .0001
2.2 .0026 0 .0000
2.4 .0013 0 .0000
2.6 .0006 0 .0000
2.8 .0003 0 .0000
3.0 .0001 0 .0000

Computations not yet completed indicate a similar result for the

double exponential.

L. The two-sided case

Here the asymptotic Bayes risk efficiency is easy to obtain - the
K-S and Kuiper tests each have asymptotic Bayes risk efficiency exactly
equal to that of the median (see [2]). However, one must be careful of
using the limiting argument here too quickly. PFor example, let k test
statistics be given, so that for a given sample size N the i-th test
should have a type I error of . If we now decide to reject if any test
rejects at level min @y the resulting test has at least as good asymptotic
relative efficiency as the best one!

We have computed the relative efficiency of the K-S test to that based
on the median for various risks (expressed as multiples of the type I risk).

The type II loss is here constant. A brief table is appended.



Efficiency
Risk Uniform Double-exponential
.5 1.961 .798
1 1.675 .87
.01 1.540 .880
.001 1.469 .898
.0001 ) 1.ke2 .911
. 00001 1.388 .921
. 000001 1.362 .928
.0000001 1.341 .O34

As we can see, there is a very slow approach of the efficiency to 1,
as the range of sample sizes in this calculation exceeds lolu.

The author believes that the results will be similar for other dis-
tributions and other loss functions, and simulations studies will be made
to investigate this.

Of course, one really should consider infinite dimensional families

of alternatives. Preliminary considerations indicate that the convergence

to the asymptotic relative efficiency is slower.
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