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1l. Introduction

Let X(gxr) (r > q) be a complex valued random matrix whose columns are
independent and have the g-variate complex normal distribution N o (M,z)

(Wooding [10], Goodman [3]). The distribution of X X' is then complex

~ o~

Wishart Wc(q,r,z) (Goodman {3], Khatri [7]). If M=O and z=5% (the

gxq identity matrix), the distribution of 0 < £) ST S ST <o the

- characteristic roots of X X!, is given by (Xnatri [7], Jemes [4]);

q o q o
(1.1) C,(O £ exp (- £.) 0 (f,- £ )
Py =1 Vg 3 K
where
q
(1.2) C, = 1/( 0 C(m+j) T(§)) and mer-q.
J=1

This distributional form also arises in another manner. Suppose that
X(gxr) is distributed Nc(g,zq ) and thet S(gxq) is independent of X with

distribution Wc(q,s ’Eq ). Then the distribution of the characteristic roots

* .
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of [XX'(s+x X' )'1], say 0 <wy Wy, < .us < g <1, has the form:

4 ' 2
(1.3) 02321 EW?(l-wj)n] jE k(wj- W)
vwhere
(1.4) Cy = 1 Flmvnrasd)/ (R P (s53)0 (1),

m=r-gq and n=s-q.
By making the transformation fj= nwj, J=1,...,9, and allowing mne, the

distribution of 0<f; <f, <... < fq < » is that given by (1.1) (Khatri [7]).

Because of the similarity of handling the classical problem of point esti-
mation and hypothesis testing for normal populations in the compléx case with
that in the real case, the largest (or smallest) characteristic root has been
proposed as a test criterion by Khatri [7], [8].

The distribution of the largest characteristic root (fq or wq) has been

given by Khatri [6] as follows:

(1.5) P{fq.S x; m} = Cl!(Yi+j-2)! R

where C, is defined in (r.2),

x .
mti+j-2 -z . s
(1.6) Viooo=] R T an, s,5e,,
d o)
and (Yi+j-2) is a qxq matrix; and



(1.7) P{wq <x m}=C (0 s

i+j-2

where 02 is defined in (1.4),

X ‘s
‘ mti+j=2 n A
(1.8) ﬁi+j-2 = jo TI=E (1aw) dw, i,J=1,...,q,
and (8, ) is a qxq matrix.

it+j-2
Jouris [5]; using an approach due to Pillai [9], has suggested an approxi-
mation to the distribution (1.7) and has obtained various percentage points.
The purpose here is to suggest an approximation to the distribution of fq
(r.5) using a similar approach and to tabulate upper tail percentage points

using this approximation.

2. Approximation to the C.D.F. of fq.

By using integration by parts for integral values of m, (1.6) can be

written as:

* mtk -z
: = - = ' .
(2.1) Y jo ™ 7% 4z = (wx)! - T
where
m+k
T = (wk)! o™ ) x5 .
j:
By definition
‘ q
(2.2) v o)) =2 sign (3) 1 (v ),
, l+J -2 ~ kzl k+jk-2

J

"~



L
where Y denotes the summation over the permutation j= (31,52,...,jq) of
j ~
(1,2,...,9). Using the expansion of Y, in (2.1) and neglecting terms of

-~bx

the type T, Ty (that is, all terms involving e for b >2) we find that :

= (w1t vy + (meg,)! Vi1 (m+j,=1)0 (m+j, ),

Yi _qYs
Ji~1 32 5

. VS 2 (§.=1)15.0y. Jo=L1)e(dg* )iy, + J, (30 ty.  =2(§,=1)t5. (5.+1)!
Yal_lV52YJ3+l (33-1)%4, Vi1t (31-1) (35+1) ¥t o (35+1) Y- (3;-1) 32»(33 )
and in general

q
(2.3) T Ve -2 * Z(n (miksdy -2)1) yo,. = (a-1)
o

H (m+k+j -2). .
k=1 1 =
o= k*a

k=1

Upon using (2.3) in the definition of |(Yi+j-2)l given in (2.2), we can

approximate (1.5) by

SLICAPOIIE N E; 2J81gn(a) (n (m+k+ak-2) ) v, e 2 ¢ (a-1)} ((mris+j-2)1)

4ot k+a

2q-2
Cl Z‘ G}'{'Yk - (Q'l):

since |((m+i+j-2)!)| = Cil and vhere G is the sum of the cofactors of (m+k)!

in the gxq matrix



m' (m+1): ... - (m+qg-1)!

(m+1)! (m+2)! ... (m+q)!

(m+qL)! (m+q)! ... (m+2g-2)!

. o

Thus for q 2 2 we have

2g-2
(2.k4) P{fq_<x; n} = N Z Gy v - (g-1).
k=0

Explicit simplified expressions for (2.4) when q=2,3,4 and 5 are given below

in (2.5), (2.6), (2.7) and (2.8) respectively.

(2.5) Plf, <x5m) 2 1oipyr [(md)yves 2(ml)yg+ o] -1,

where (a)k = a(a=l) ... (a=-k+1).

(2.6) Plry <xsm) & mrmer [(me2) (mel)gypm Blad) g+ 6(med)yy, - b(mi2)yg* v, ) -2

(2.7) P{f), <x;m} gpn%g;— [lme), (m42) , (m3) v, = 6 (1) (mr2), (m43), vy

+

15(m+2)(m+3)2(m+9/5)y2 - 20(m+2) (m+3) (m+17/5) Y3

+

15(mt3) (m+1h/5) vy, - 6(wt3) Y5 * gl - 3.



(2.8) P{fy < x3m} & sy [(med), (e2), (m3),, (meh), v,

- 8(m+1) (m+2), (mt3), (merlt ) yy + 28(m+2) (m3), (m+h),, (m+12/7 )y,
- 56(w+2) (mt3) (w+h ), (m+22/T)yg + TO(wr3) (meh) (m+51/Tme86/7 )y,

- 56(mr3) (m+h) (m+29/T)vg + 28(meh) (m+26/T)vg - B(mth)y, +vgl - b.

The approximation is thus a linear combination of incomplete gamma functions
and is simpler than the exact C.D.F. which involves products of q incomplete

gamma functions.

3. Computation of Percentage Points

By using the approximetion obtained in the previous section, upper 10%,
5%, 2.5%, 1% and .5% points were obtained for the C.D.F. of fq for g=2;3,:::,11.
The computations were carried out on the CDC 6500 computer at the Purdue |
University Computer Sciences Center using double precision arithmetic. The
percentage points are given to five significant digits for m;o(l)20(2)30(5)50(10)100.
Some exact percentage points were also tabulated for comparisons with the |
approximate ones. Table 1 below displays some representative values of both
the exact and approximate percentage points. As can be seen from this table,
the approximate and e#act percentage points usually agree through five signi-
ficant digits. This same degree of accuracy has been found in the approxima=-

tion suggested by Jouris [5] to the distribution (1.3).



Table 1
Comparison of the Approximate and Exact Percentage Points for the C.D.F. of the

Largest Root fq.

1% 5%
q m Approximate Exact Approximate Ixact
2 15 32.6968 32.6968 28.9562 28.9561 °
3 30 58.6083 58,6083 53.8994 53.8992
L 60 | 103.527h4 103.5274 97.5795 97.5791
5 100 160.1230 160.1230 153.0122 153.0118
6 20 59.6795 59.6795 55,2224 55.2221
7 10 48.2632 48.2632 Wi, 2295 44,2293
8 TO 139.8957 139.8956 133.5577 133.5572
9 30 88.6527 88.8526 83.5302 83.5298
10 5 52.0095 52,0094 - 47,9146 L7,9143
11 18 78,7225 78,7205 73.9153 73.9145

4. Applications

The complex multivariate normal and related distributions have been found
useful in such areas as physics and time series analysis. Under certain basic
assumptions Bronk [2] has found that the distribution (1.1) is that of the
energy levels of atomic nuclei. Goodman [3] has noted several applications
of complex multivariate theory to time series analysis. Brillinger [1] has
shown that the asymptotic distributions of the matrix of second-order periodo-
grams and the matrix of spectral densities of a strictly stationary time series
are complex Wishart (the distribution of whose characteristic roots is given
by (1.1)). It has been noted in Section 1 that many hypothesis testing
problems in the complex case can be handled as in the real case. It is hoped |
that the findings here will be useful in the areas mentioned above as well

as in other fields.
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