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1. Introduction

-In most prattica] situations to which the analysis of variance tests
are applied, they do not 5upp1y the information that the experimenter aims
at. If, for exémp]e,-in one-way ANOVA the hypothesis is rejected in
actual application of the F-test, the resulting conclusion that the true
means 61,92,...,9k are not all equal, would by itself usually be insufficient
to satisfy theie*perimenter. In fact his problems would begin at this stage;
The experimenter méy desire to select the "best" population or a subset of
thé ""good" popu]ations; he may Tike to rank the populations in order of
"goodness" or he may like to draw some other inferences about the parametérs
of interest. - | N

The exfensive Titerature on se]ectfon and ranking procedures depends
heavily on the use of independence between populations (block, treatments,
ett.) in the analysis of variance. In practical applications, it is
desirable to drop this assumption of independence and consider cases more
general'than'the normal.

Our interest is to derive a method to construct 1océ]1y best (in some

sense) selection procedures to select a nonempty subset of the k populations

*This research was supported by the Office of Naval Research Contracts
N00O14-67-A-0226-0014 and NO0OO14-75-C-0455 at Purdue University. Reproduction
in whole or in part is permitted for any purpose of the United States
Government.



containing the best population as ranked in terms ot e 's (defined below)
which control the size of the selected subset and maximizing the probability
of selecting the best We also consider the usual selection procedures in
one way ANOVA based on thé génera]ized least square estimates and apply the
method to two way-]ayout case. Some examples are discussed and some results

on comparisons with other procedures are also considered.

2. Locally Best Selection Procedures

Let ﬂ],ﬂz,.{.,ﬁk represent k (> 2) populations and let xiT""’Xini

be n; independent random observations from ms. The selection procedures

will depend ubon the observations thrOUQh T.. which are defined as follows.

Let T_iJ- = T(X]-]-,...,X. ; X

in. ) be based on the n; and n,

J n. J
observations from T and s (1, = 1,2,...,k), respect1ve1y In a given

d
[N
t
<

problem the function T is so chosen as to indicate the differences between
the populations in a reasonable way. For example, if the observations

drawn from m; are normally distributed with unknown méan ei, (1 <1< k),

and known var1ance 02, a cho1ce of T j might be Xi'xj’ where

Z X;, and X Z Xip- Now we assume that T.: has a joint
N =1 Ny e=1 J
probab111ty dens1ty funct1on g, _(-) depending onthe parameter i and assume
Tij

that T 's are known. Usually T 's are chosen to obta1n both sufficient

and maximal invariant stat1st1cs for rij's. Let T = h;n 5 Returning
EENER
to the above normal means problem, we find that T35 7 ei—ej and

Ty T ei—e[k] for B; < ork] and t, = ei—o[k_]] for 6 =.6[k], where

A population is said to be best if TS omax oot For the above
' T<j<k '
normal means example, m is best if 0, = e[k] and in this case Tiy T 0

and T = [k] [k -,]



Let £

and z, =

This proof is comp1éte.

= (311 <d <k,

(23511 <5 <k 3 1 4)

=. T‘i'i’

(t

are all k-1 dimensional vectors.

it i), §} = 3

1'2,112 1<

‘the joint density of Tis» 3= 12,0000k, § #, dis fe (27), 1 <1 <k, (with
. 21
respect to some o-finite measure p). Let 8 be the probabi]ity of selecting T
k o
S = {8: 6 = (51""’5k)’ 121 fdi(gi)fgi(gi)du(gi) < r}
i
and
. k
. .SY‘= {5:‘5 = (615--~96k), 1'.—2.] fdi(gi)fg!-(gi)du(gi) =rl.
. -0 _ 0 0 ) .
Theorem: Let §° = (5],..., 6k) € Sr be defined by
1 4if  min fo(z)] ;> cf . (z)),
o 1<j<k ? T 3 g !
0 _ o Jj# _
6-'(;])"' )\.i = N
0 <
Then 60 maximizes Z min. f& foo(z.)] . du(z}) among all rules
T-- £.'=1 1 |
: i=1 j#i - ij =i &;
§ € Sr' 60 is called a locally best procedure in this sense.
Proof. For any s ¢ Sr’
'f fo;(z;)min 2 (z)] 5 du(z:)
8§:(z.)min f. (z,; . du(z,
j=1 0 VT g 0y gy T g
'E [s3z;) (z:)] sdulz:)
- min f. (z; du(z,
D L
K 0 2
= L J[85(z)-65(z;) 1lmin —~—~-fE (z;)] j=cf <(2:)1du(z,)
i=1 jii 2] Es g
e z fLo;(z;)-63(2)1f i(z5)du(z;) <0
: E

i

< k, 2§ 1)

Assume that



o k
Example: Let gg(g) = E ge_(xi), where gei(xi) = e . Let

T,ij = 81-6j,

m
1 <3<k 3 #1i, 155 =0, and Zis = X;X5 3 4 1. We know
that a maximal invariant under a group G is Ti = (X.-X

G. is the group of transformations

gz.i=(Z_i'l+C,...,Zik+c),—°°<c<f>09
which, in the parameter space, induces the transformatiqns g T T Tij+c'
. 1,20 1, . .
S1n§e Z(k-1)x(k-1) = E—(1 . 2) is the covariance matrix of zij s. We

| knowrthat z is positive definite, and

k-1

' k-1 -1
-1 |

Hence
k-1

kel
oz = 2 7z

e ™ (Z'i]-T'i])(Z'ik-T.ik)) +. . .+ ("(Z_i']"r.i'l )(Z,ik"T.ik)
2
T 1) (ke i e D (201 )

Thus

rFiz T FaZid et iz s 2z

2
+(k'])zik)]} c -2z .. .- Zzi(j—l)+2(k'])zij'221(j+])'



or

Let Tys Tose-

independent observations from the ith population -

.,nk'be k populations. Let X11,...,X

k
T if minl- ) 7. +(k-1)z..] > c,
j#i oe=1 e =
231,J
0 <
1 X, <4 If X
if max X. < — = C,
1<j<k 3 Tk sy e
iti
0 >

Usual Approach to Selection

Problems in One Way Layout

-
My

denote ni

Let the joint density

be of the following form:

My
;ek,...,ek)

Of Xqqoe oo Xq 5 XoqumeensXo 5uuits Xpqse..,X
11 ]n] 21 2n2 k1 knk
- '“] t "']
(3.7) Clal " g({x-n) A" (x-n))
n
1
where x' = (X]]""’Xl,n];"’; Xk1”“’xknk)’ n' = (6. h0y5. ..
and A is a known positive definite matrix and Ck is determined such that
(3.1) is a density.
Let o = {p: o' .,ek)} and also, Tlet
0
1
-n
Aka 2. ’




. k .
where']ﬁ = (1,...,1) with n; components and } n, = N > k.
i i=1 ! -

We consider the analysis of variance problem in a one way layout;

et

X1j =Zei+e1j, J:],...,ni; i=1,...,k

which is in the form of the general linear model

where e' = (elj’f"’e]n];"';ekl""’eknk) with var(e) = 1.

We know that the generalized least square estimator of 6 is

. v,
6= (A'A-1A)-]A'A-]>_< ={: }=y.
| i

Since § = Bx, B = (A'A”'A)TA'A7T, the joint density of Y' = (Y1senea¥))

is of the form

(3.2) by 14717 h((y-8)"27" (y-0))

where Ay = BAB' = (dij)'

The ordered‘ei's are denoted by o113 R ITIE It is assumed that
there is no prior knowledge of the correct pairing of the ordered and the
unordered ei's, Let ys denote by (1) the population (unknown) asspciated
with 9[1], i érT,Z,...,k; Our goal is to select a non-empty subset of the
k populations so és to include the population associéted with e[k]. Defining
any such se]ecﬁion as a correct selection, we wish to define a procedure R
éo that P(CS|R), the probability of a correct selection, is at least a
preassigned number P*(%—< P* < 1), We will refer to this requirement as

the P*-condition. We propose the foTTowing rule R based on Yio T 21 <k



R: Retain iF in the selected subset if and only if

Y, > max (Y.-cVo,.+0,.-20.4),
1*11J'_<J< J LR N N

where ¢ = C(k’P*;ﬁi’dij’]fj’ j<k) > 0 s chosen so as to satisfy the
P*-condition. B

Let Y(i) and (1) (1) denote the observation and the variance associated
with the pOpu]atioh;n(i) with mean-e[i],‘i =1,2,...,k. of course, both
Y(i) and 0(1)(1) are unknown as 1in O(i)(j)’ the covariance of Y(i) and

Y(j)' Thus

(3:3) PIESIR) = P¥() 2 max (Y (5)-06 47107 (3) (1) 1) ()

= Py < 0ngmor P o) (™6 ()20 () ()

"

s 1 <3 < k-1,

where for 2, 1 < & < k, we define

-3

K

B8 Ty = Oy V) eI 0 ) ) (049 0) (22 (1)

for r = 1,2,...,k, r # 2.

:r=1,2,...,k, r ¥ 2) and .

Let Z, = Y A, where Z, = (Z_ :

r= UayepyYwoong)- | |
The matrix Ag with k rows and (k-1) columns is defined as follows:

o = ) ) Py T2 sk r g

, o 0 cen o 0 . 0
[0 %4 : }
[ |
P 0 _

(3.5) A =1 0 0 G, O 0
o i ] N
\ My "%y %o-1,0 "%+1,2 ke |
0 0 0 %el,g 0 j
\ ; y
0
0 0 0 0 o /



and Z] = (0(1)(j)).

Since A521A2_= (p§§)), T, 0=1,2,...ks 1, § 2, for T < 2 < k and

A2 is of rank k-1, hence the joint density of ZQ is

. - ' ""% 1 1 '] \
(3.6) | »i:(zz) = aklAzzlAzl f(gg(AQz]AQ) Zz)‘
For any given association between (Oij’ i, j=1,2,...,k) and
: (G(i)(j); i,d = 1,2,...,k) we can see from (3.3) that the infimum of P(CS|R)
is atta1ned when 9[1] ="'='e[k]f

Hence,

(3.7)  inf P(CS|R) = min ‘P{Zrz-i C, r=1,2,...,k,r$s; {pgg)}};
8€Q T<a<k ' J

"For ¢ < k; let K?j be suéh that
P k .. ..
| (1) Kij E'Kij’ T, J+ls 1, J+k;
(3.8) '

(i)« 3_K§j, 321,25, . .k; Je, k,

and for any &, (1 < 2 < k), there exists an m, (I <m < k), such that

for any i, 3, i, §=1,2,....k, 1, ite, 4,

(%)

m)
K_IJ

=
Pr,s

for some r, s, r{s, r, sm, r, s=1,2,...,k.
EENRS
2f(x"'s °x ), then for any

1j)

1,..-.,Xp) has density |r

two positive definite (symmetric) pxp matrices ry = {r

Lemma [3]. If X'= (X

ij) and T, = (o,
such that rii = 94> 1<1i<pand ri 2 045 1<1i<j<p,

PF]{Xl < R]""’Xp < zp} z_PFZ{X1 5_2],...,Xp f;lp}

for any real numbers z],...,ﬁp.



By (3.8) and Lemma, we have

(3.9) inf P_(CS|R)
e T |

. 2
min P{Z  <c¢, r=1,2,...,k; rie; {x>.}}
T<g<k re — t iJ

P{Zy < 6h P12, ke 1K)

c : (o} k
f .o [oo akl{Kij}

-0

-1
3]

Dfscussioh of Condition (3.8)

For computationa] conveniénce, we assume that A=diag(A]],...,A]];...;
Akk""’lkk)’ Ay > 0, 1=1,2,...,k. If also the components X]],..;,X]n1;
cedd Xk],...,an are independent then the joint distribution g as in (3.1)

: ; N o |

1.{5 multivariate normal (see Kelker [9, p. 18]). Then

ny n n
Al = diag(il—g Xg_”""ik—) and
' 11 722 kk
-]
n
/ -'l 1
T =
P 3
f ™ .~ :
| “Tgy-Tgr -1 3 2 |
B=(A'AA) 'A'p" = g : o,
. ! ._'I |
2
\ n,
Kx‘ I_]
"
’:ébi BAB' = dia‘(n’1x nzth n Ty ). Then o,. = n*]x = ] and
I R R 7 LR L T TN AT

. e 1L '
o453 = 0 for all i 4 j. Let M3y T M)Ay TS

[N

k and Mry] Seee< Mgy

' S BN R | ) , |
Then a,, = (m(r) + m(z)) T <r, 0 <k, r 425 and forany ¢, 1 < 2 <k,
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p(%) = Ra mz1) = 1
ij invje (e m N 2
(1+ EhyE (1 4 Z(l))?
(1) (3)

for i %3, i, % 0. Let

(3.]0) K%j‘=> [2 l] m[l );-, 1 + js i: j + l.
} g g

Then, it is easy'to check that the condition (3.8) is satisfied.

Expected subset size for a special case

Let the joint density p as in (3.2) have the form

(3.11) Cop(x) = hiy'sly)
- ) s . . _ o 2
where 3 = (Gij) is positive definite with 017 = Opp =evu® Oy = O and
O;: = 02p when i # j, o and p are known. Let S be the size of the selected

1]
subset excluding the best population. Then the expected subset size is

: given by
k=T
E(S|R) = ] P{Selecting ™ IR}
i=1
kzi
P{Y > max Y
j=1 0 (1) -~ T<j<k
k-1 ) _
Z IB +6 kl 013 )|

-cov2{1-p)}

(3)

E flz,( (1)),

Pij 12,04z,

‘Where (9[2] [r])[ZO ( -p)] %, r=],2,...,k, r#@,

-1
=

] BQ+Q2 = {Z‘ < (9[2] [r] [20 (1-p)177,

r=1,2,...,k, r%z}, 1 <2 <k,

: and p(J) defined as in (3.6) is



1 ifi=3,1,34% ¢,
(2) -
Pij :
5 ifitd, i, 340
We assume that f is strictly decreasing. Then f is Schur-concave [8].
';iSince Yy € B2 and x <y imp1ies X € BQ, hence

o e,

i$ a Schur-concave function of 0, [10]. From the fact that

ra,
(a],az,;..,an) > (—510(1,...,1) for all vectors a, where a = (a;,...,a ),
b= (by,....b ) and a; > a, >...> a, by > by >...> b, a > b means
) % n n |
}z] a; > 2] by 2 = 1,...,n-1, _21 a, = z] b;. Forany 2, 2 <2 < k-1,
i=l 1= 1= 1= :

lepgyrepyyee O[]0 [e-11"0[e ] O Lot ]2 2000 [k])

> (65...,8), for some 6.

f"'But e[g]—e[j] < 0 for j > 2 and 19717051 > 0 for j 5_2, hence it follows
~that the supremum of

[ akl("-%))

+
)

Nl

f(gé(pgﬁ))']zz)dgl

over ( occurs when e[]] =,..= e[k]. For ¢ =1,

(0[]]-6[2],- ,e[]]—e[k]) < (O, . ,0)
and By*e, c:BT{: Hence

k-1
sup E_(S|R) = Z
aER = 2=

= (k-1)P* provided that
inf P (CS[R) = P*.
gca &

1
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~Remark: Let p be the multivariate normal density as in (3.11), then f

has the.required property.

3.1. Applications to Normal Popylations

Let "1’52""’“k be k independent normal popu]ations with means
-'p],uz,...,uk and variances 0%,0%,...,05, respectiVeTy.' Let o? TeT O T O,

~ where 02 may or may not be known.

| ‘Case {a): 02 thwn. We assume without any loss of generality that ¢° = 1,
and for this problem (3.2) assumes the following form:

p(x) = (2n)

rojx ~—

9] h((y-u) "D~ (y-u)),

~where p' = (“1”"’”k)’ h(x) = e X, and D = diag(n;],...,ni]).

Gupta and Huang [6] proposed the following rule R] based on the sample

 means Yo fromw., 1= 1,2,... .k,

Rl: Retain ms in the selected subset if and on]y if

» 1 1
Y. > max (Y.-c,¥/ — + —),

where ¢y = cl(k;P*,n],...,nk) > 0 is chosen so as to satisfy the P*-condition.

For the condition (3.10), A;; = 1 implies m;] = n;], 1 < i< k. Therefore

any 2, 1 <2 <k,

..—] ] 9 » Vs E
| ST ”[k])( + ”[j])] RSN RPN B
~ and
Kfi =1, T<is<k, i%¢

n - .
Let gy = (1+ LoD 5wk Thus o= mieg, 14 15 = 1 ke
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‘By. (3.7), we have

(3.12) inf P(CS|R)
| 9

= [ ... [ (20)

-0 - 00

-k
2 -1

(¥

-1
iyl * flz k(K )7z )dzg 427 1

- where Z]k’ e k 1,k are standard normal random var1ab1es with correlation

k

Kpg = BpBg- It is known that Z]k""’zk-]  can be generated from k independent

':-standard var1ates Y] Yk ],Y by the transformat1on

2.4
= (1-85)% Y.+3.
(1-85)% Yy+8,Y,

- and then (3.9) 1is as follows:
(3.13) inf P( cis ) = j n ¢(————§§f: de(u

"‘ vCase (b): oz.unknown. Let 53 denote the usual poo]ed estimate of o on v
degrees of freedom. Gupta and Huang [6] proposed the rule R, for selecting

a subset containing the population associated with the largest ui'S

RZ: Retain s in the selected subset if and only if

Y% > max (Y —czs //——-+ —
‘lsjf_k

where Cy = c2(k,P*,n],...,nk) > 0.is to be determined so that the P*-condition
is satisfied.

Using the same argument as in case (a), we can obtain
k-1 Cou-B.X

f m ol

(3.14) . {nf P(CSIR,) = s

O 8

1de(x)dQ_(u)

2 - -
| 185
: where‘Qv(u) denotes the cdf of a X, /Y/v variate.
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" The Evaluation of the Constant Cq Associated with RT

Let U],...,Uk_] be k-1 standard normal random_variéb]es, and the

correlation coefficient of Ui and Uj be p, 1,j = T,...,k-1, where

k

: USihg the_same'notation as before, we have Kij 2 P> 1,d-= 1,...,k=1, hence

Py s = k], 4D

2P <6y d= 1,.k-1, (o)

® kelcmp?
= [ o7 (52 ) de(u).

—o -
© - Equating the éboye*integra] to P*, values of c are available for the equi-
correlated UiJS fr0m the tables in Gupta, Nage] and Panchapakesan [7].
These c-values will be greater than the exact ci-values satisfying the
equations by equating the left hand side of (3.13) to P*. Some of the

exact cy-values can be obtained from Table 1 of Gupta and Huang [6].

Some Results on Comparisons

Assume that 02 = 1. The procedure of'Gupta and D. Y. Huang [6]

‘is more efficient than Gupta and W. T. Huang [5] for the case of k =2,
:‘n[1] f qn[zl, 0<a<l. |
For 02 unknown, Chen, Dudewicz and Lee [2], have proposed a class of

“procedures as follows:

Ry Retain m; in the selected subset if and only if

Y1 > max YJ 925, /rj
1<j<k
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whgre a is-any fixed constant such that 0 < a < =,

co 1 - . ,
For any fixed P¥, T < P¥* < 1, and k = 2, ny + o,

T .1
a

it R(esIRy) = fa(—LEL 2 g a0 < P,
.9 : .

v

'f"and |

| " héncev c1/‘l—;+ 1. q LI %—. Since

' SIR) - 3 ' T .1
sup E(SlRa) = Sup Z P(Y'I > max Y.-q.s /.n__.+ _)7

: o =1 T Taggee 30V N8
> sup % P(Y..> max Y.-q ; LI

o i¥1 1 T gje2 3@V Mgy @
= sup § P(Y. > max Y,-cys / —+ 1)

g P51 T Taggee 3TV onp oM,

=-sup E(S|Ry).
Q

4. Selection for Small Variances of Normal Populations .

Let MyaToseessTy denote}k independent normal popg]ations with unknown
variances 0?,0%,;..,05, respectively, (Oi >0, 1=1,2,...,k), and with all
means known or‘unknown. The ordered variances are dehoted,by o%1] 5,..5_o%k].
It is assumed that there is no a priori information available about the correct
pairing of the given populations and the ordered parémeters 0%1]' The population
with variance equai to 0%1] is called the best population. The goal is to

select a non empty subset of the k populations containing the best population.

Any such se]ectioh will be called a correct selection (CS).
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_Let‘s$,s§,..;,si dgnote the sample variances. Let S%i) denote the
- {unknown) sample variance that is associated with the ith smallest
population variance, o%i]; let V(1) denote the number of-degrees of freedom
associated with S%i)' Gupta and Sobel [8] have propoéed a procedure for
this goal. Gupta and Huang [6] obtained a lower bound'oh the infimum of the
| correct seTection;’ We modify Gupta-Sobel procedure to obtain exact results to
o sdtisfy‘P*-condition'asymptotica11y and apply the method of Section 2 to

obtaihvan_optima1 proceduke.

n

3 Retain s in the selected subset if and only if
1 %
5 _ (;f'+ l.)’ )
Csioomin [ Y sh,

1<d<k =3

where cé, (0 < Cg < 1), is the largest value satisfying‘the basic P*-condition.
H We shall show how large sample theory can be used to find very good
‘approximations-té the required probabilities even for relatively small n.
'Our-principa]toq1s will be the use of the transformation y = 1ogé52 (see [1]),
_:énd the approach of'certain muTtivariate distributions to multivariate normal

distributions.
: 2

. S. . :

Let X, =;1ogé¥—%, i=1,2,...,k. It is known (see [8]) that the

. |
expectation and variances are

B = -+ =) + 0070 - - b
i 3vi 1
d2
Var(Xi) = —~§-[1ogeF(X)] y
dx x= 1
2
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~ Thus

and by 1]
and E(X.-Xs) « — - —,
1 _\)j \)'i
Var(X.-X ) ~ g— + g_ for j - ] 2 . k' j.* 1
L L 1250k :
v 52
(1% 109 0
(57)% 1og 5
%4

s asymptotically distributed as a standard normal variable Zi as v, > .

‘Since
1
si 1 (JT.*l.)"izi L
—_2-_<_(c_') 1 J 2 2 J=1,23-"sk:\]+]
. 0. 3 O
1 J
~is equivalent to
: 11
Ve Ve
Zi_].'ogl_’l'—u—’ j=]92>-~~aksj+]‘9
W=y 3 2. _-
vi Vj
_ 1. 14,2 . 2,-2 .. oy
Wh?re Zis —_(xi'Xj tor oG o)E for 1 <ds <k, i 4, and
. SRS A RS B -
- 1 _ — S
gij _, 1 . . - rik rjk, 1,1 = 1,5..,k ], 1 + J.
/(nv—[k—])(njﬂﬂ)
S RS

Hence we can appiy-the fesu]ts in Section 3 to prove

' o k-] C,:~r. u
inf P(CSIRy) ~ [ 1 o(—Kddk
o - j:] (]_rjk)?

Jde(u),

. wheke . ‘ . :

o . 3 - -
1 log 1, Lkl [i]
/2. C3 1. 2

Y[kl V[4]

ij 5 \]:],.--,k"]-‘
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It should be pointed out that for equal sample size case, Gupta and
. Sobel [8] compared the exact value and the asymptotic values of the constant

Cq to see how close they ake.

2 2
g. S. ‘
For any i, 1<i <k, let 1,. = % and T.. = - for 1 < <k, JFi.
- = o2 LN
. 1 1 .
- We can find the joint density of Tij’ j=T1,2,...,k, J ¥ 1. We can construct

“an optimal procedure based on T..'s using the method of Section 2.
. : iJ

5. Se1eétion'Procedures in Two-Way Layouts 

Let MysTps...,m be k populations. For a two-factor complete block

'désign with,one_bbsérvation per cell,we express the obseryable random

variables Xia {i=1,2,...,ks a =1,...,n) as

Il D~ %

1. = 0,

+ + 7. +E.
BT Ty Ty ;i

Ta 1

(5.1) X;. |
o 1

-Where u is the mean-effect, 3],}..,Ba are the block effects (nuisance

parameters for the fixed effects model or random variables for the mixed

effects model), ri;...,rk are the treatment effects, -and the £jq are the

error components. Let Xﬂ,...,xin denote the n independent observations
i

from the ith pbpu]ation m.. Let the joint density of X]]""’X]n; XZ]""’

XZk;...; Xk],..;,xkn be of the following form:

(5.2) ¢ 1117 g(x-8) a7 (x-0))

“where x's (X11""’Xln;"';xk]""’xkn)’ and g's= (91]""’91n;"';ek1""’ekn)’

8y =M T B, T 171,200k a = 1,..,n, and A is a known positive

o i?

“definite matrix, Cp is determined such that (5.2) is a density.

Qur purpose is to study some selection procedures to select a subset

of a random size containing the "best" treatment. The quality of the



‘.. e Xk]”"’xkn_)’\‘ and E-Ii
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treatment is judge by the largeness of the Ti's.
Let 1] 5;.;5_r[k] be the actual ranked t's (which are unknown), and
let

He~13
ne~—-1x

= - =] . . _
Z; = X;-X where X, = m i=1,...,k; and X = E-i : X

J
We denote the ordered values of the Z.'s by Z[]] 5"'5—Z[k] and let
 Z(i) be the random variable associated with Uk is= 1,..;,k.

By a Simi]ar‘argument as in Section 3, we know that Zi is the
generalized least square estimator of T

Let Z = EY, where E' = (El""’Ek)knxk with rank k, y' = (X]1,...,X] ;

| A
~

- %ﬁ)...,- %ﬁ); for 1 < i
| Theh the joint density of Z],...,Zk is of the form:

"% h((z-1)' 27 (z-1))

(5.3) b fz

, kxk . H
The methods to construct selection procedures are the same as in

whérg z' = (21""’Zk)’ 1'= (r],...,rk) and ] =E A E'= (o0;.)-
| “Section 3.

References

R [1] ‘Bartlett, M. S. and Kendall, D. G. (1946). The statistical analysis of

variance - heterogeneity and the logarithmic transformation, supplement
to the journal of the Royal Statistical Society 8, Part I, 128-38.

[2] Chen, H. J., Dudewicz, E. J. and Lee, Y. J. (1975). Subset selection
procedures for normal means under unequal sample sizes. Mimeograph
Series No. 75-5, Dept. of Math. Sciences, Memphis State Univ., Tenn.

-~ [3] Das Gupta, S., Eaton, M. L., Olkin, I., Perlman, M., Savage, L. J. and
"~~~ Sobel, M. (1970). Inequalities on the probability content of convex
regions for elliptically contoured distributions. Proc. of the Sixth
.Berkeley Symposium on Mathematical Statistics and Probability.

| [4] Dudewicz, E. J. (1974). A note on selection procedures with unequal
observation numbers. Zastosowania Mathematyki 14, No. T, 31-35.



s
K - of normal populations with unequal sample sizes. Sankhya, Ser. A,

[6]

L7]

[8]

[9]

| [10]'

20

Gupta, S. S. and Huang, W. T. (1974). A note on selecting a subset
36, 389-396.

Gupta, S. S. and Huang, D. Y. (1976). Subset selection procedures for
the means and variances of _normal populations: unequal sample sizes
case. To appear in Sankhya.

Gupta, S. S., Nagel, K. and Panchapakesan, S. (1973). On the order
statistics from equally correlated normal variables. Biometrika 60,
403-413. ‘ ’
Gupta, S. S. and Sobel, M. (1962). On selecting a subset containing the
population with the smallest variance. Biometrika 49, 495-507.

Kelker, D. (1968). Distribution theory of sphefica] distributions and
some characterization theorems. Michigan State University, Technical

-Report Rm-210, DK-1.

Marshall, A. W. and Olkin, 1. (1974). Majorizatibnvin multivariate

distributions. Ann. Math. Statist. 2, 1189-1200.



L As‘__ FIC) __'rm ‘or THIS PAGE (When Data Enterad)

REPORT mcumswmom PAGE T [ . READ INSTRUCTIONS

. BEFORE COMPLETING FORM
_ 1. REPORT NUMBER 2. GOVT ACCESSION NO,| 3. REC'IPIENT'S CATALOG NUMBER
Mlmeograph Series #458 ;
{4 TITLE (and Subtitte) 5. TYPE OF REPORT & psmo‘pcov:nép
: ‘Some Multiple Dec151on Prob]ems in Ana]ys1s o ' '
| of Var1ance k Technical

8. PERFORMING ORG. RERPORT NUMBER
Mimeo. Series #458

v 7 AUTHOR(O) » 8. GOMTRAGT OR GRANT NUMBER(s)

Shant1 S. Gupta and D. Y. Huang N00014-67-A-0226 and
- NOQO]4—75-C-0455 ‘

9 PERFORM"‘G ORGANIZATION NAME AND ADDRESS . +10. P GR - A :
,-Purdue Un1 Vers'fty o "ASEA'&AonﬁLK_EED%PTTNPUF:AOBJggST TASK
- ‘Deparmtent of Stat1st1cs :
{ W. Lafayette, IN 47907 : NR 042-243
1. CONTROLLING OFFICE NAME AND ADDRESS ‘ B ‘12, REPORT DATE
. Office of Naval Research July 1976
Washington, DC 13. NUMBER GF PAGES
i - | 20
17‘-_ :MQNITO‘R_INB ‘A'»GE_NCY NAME & ADDRESS(I! difforont from Controlling Oflics) 18. SECURITY CLASS. (of thia ropoed)
’ Unclassified

18a. DECL ASSIFICATION/ POWNGRADING
. SCHEDULE ON/ROWNGRADIN

" |76 GISTRIBUTION STATEMENT (of this Reporf)

_Apprqved for.pub]ic release, distribution unlimited.

7. :‘\‘PIS:T{RI._EUTION $T ATEMENT (of the abstract ontered in Block 20, if dlfferent from Report)

- f18. SUPPLEMENTARY NOTES

19 KEY WORDS (Contlnue on reveras alde !f neceeaary and ldentify by black number)

Locally best, se]ectlon procedures, correct se}ect1on, generalized LS
est1mates, Schur concave funct1ons, uneqgual samp]e sizes.

20. . ABSTRACT {Continue on revorae alde If necessary and identify by black number) ’ e .
In most .practical situations to which the ana1y51 of variance tests are

applied, they do not supply the information that the exper1menter aims at. If,
for example, in one-way ANOVA the hypothesis is rejected in actual application
of the F-test, the resulting conclusion that the true means 8,;...,8, are not
2ll equal, would by itself usually be insufficient to satisfy the experimenter.
In fact his problems would begin at this stage. The experimenter may desire
to select the "best" population or a subset of the "good" populations; he may
like to rank the populatlons in order of "goodness" or he may Jike to draw

DD FORM 1471  oiTion OF 1 NOV 65 18 oBsAt BTF ol




~LCURITY CLASSIFICATION OF THIS PAGE(Whon Date Entered)

some other inferences about the parameters of interest.

The extensive Titerature on selection and ranking procedures depends
heavily on the use of independence between populations (block, treatments,
| etc.) in the analysis of variance. In practical applications, it is desirable
:g drop t?is assumption of independence and consider cases more general than
the normal. '

In the present paper, we derive a method to construct Tocally best (in
some sense) selection procedures to select a non empty subset of the k popula-
tions containing the best population as ranked in terms of a.'s which control
the size of the selected subset and which maximizes the prob%bi]ity of select-
ing the best. We also consider the usual selection procedures in one-way

two-way layout case. Some examples are discussed and some results on compari-
sons with other procedures are also obtained. -

ANOVA based on the generalized least squares estimates and apply the method to ;’






