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ABSTRACT

We are concerned with deriving lower confidence bounds for the probability of a correct
selection in truncated location-parameter models. Two cases are considered according to
whether the scale parameter is known or unknown. For each case, a lower confidence
bound for the difference between the best and the second best is obtained. These lower
confidence bounds are used to construct lower confidence bounds for the probability of
a correct selection. The results are then applied to the problem of selecting the best
exponential population having the largest truncated location-parameter. Useful tables are
provided for implementing the proposed methods.
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1. Introduction

Let X;j,5 =1,...,n, be a sample of size n from a population =;, where 7y,...,m; are
independently distributed with absolutely continuous cumulative distribution G (”—}(’i),
1 <1 < k, respectively, where 8 > 0,—c0 < 0; < 00,¢ =1,...,k,and G(z) =0if z < 0.
Let § = (61,...,0x) and let 8y < ... < () denote the ordered values of 6y,..., 0.
It is assumed that the exact pairing between the ordered and the unordered parameter
is unknown. The population associated with B(x) is referred to as the best population.
Assume that the experimenter is interested in the selection of the best population. For
this purpose, let X; = min(X;i,...,Xin). We denote the cumulative distribution and the
density function of X; by F (”—"[;9'-) and -;; f (‘"‘—_ﬂe'-) , respectively. In many situations, X;
can be a suflicient statistic for the parameter 6;. The natural selection rule is to select the
population yielding the largest X; as the best population. Thus, a question which arises
naturally is: Is the selected population actually the best? Or, more precisely, what kind
of confidence statement can be made regarding this selection?

Let CS (correct selection) denote the event that the best population is selected. Thus,

the probability of a correct selection (PCS) at § by applying the natural selection rule is:

_ [T ke O — 9G)
PCS (§) = / T F <.1; + -ﬂ—J) dF (). (1.1)

In general, to guarantee the probability of a correct selection, one needs to specify a positive
number 6* such that 0(x) — 6(x_1) > 6*, see Bechhofer (1954). Clearly, this indifference
zone approach is formulated on the basis of designing an experiment. However, in a real
situation, it may be hard to assign the value of 6* such that 6y — 6x—1) > 6*, since the
parameter values 6y, ..., 60 are unknown. So that if the above assumption is not satisfied,
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the probability of a correct selection cannot be guaranteed to be at least equal to the
prespecified level. Parnes and Srinivasan (1986) have pointed out certain inconsistencies
in the indifference zone formulation of certain selection problems. Also, see Fabian (1962)

and Hsu (1981) for some possible ways to be out of this impasse.

Recently, retrospective analyses regarding the PCS have been studied by several au-
thors. Olkin, Sobel and Tong (1976, 1982) have presented estimators of the PCS. Faltin and
McCulloch (1983) have studied the small-sample properties of the Olkin-Sobel-Tong esti-
mator of the PCS for the case when k = 2. Bofinger (1985) has discussed the nonexistence
of consistent estimators of the PCS. Gutmann and Maymin (1987) have presented a proce-
dure to test whether the selected population is the best. Anderson, Bishop and Dudewicz
(1977) have given a lower confidence bound on the PCS in normal distribution models.
Kim (1986) has presented a lower confidence bound on the PCS for the location-parameter
model for the case where the underlying density function has the monotone likelihood ratio
property and studied its application to normal model case. Gupta and Liang (1987) have
derived a lower confidence bound for the PCS for the general location-parameter model

and applied the result to normal populations.

In this paper, we are concerned with deriving lower confidence bounds for the prob-
ability of a correct selection for truncated location-parameter models. Two cases are
considered according to whether the scale parameter 3 is known or unknown. For each
of these, a lower confidence bound for the difference (6(x)y — 6(x—1))/8 is obtained and
used to construct a lower confidence bound for the probability of a correct selection. The
results are then applied to the problem of selecting the best two-parameter exponential
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population having the largest truncated location parameter. Useful tables are provided for

implementing the proposed procedures.

2. Lower Confidence Bound on PCS

In (1.1), replacing fxy — (i) by O(xy — O(k—1) for each i =1,...,k — 2, we have

PCS (6) > / : [F (:v + o‘i_;iﬂ)] . dF(z). (2.1)

Thus, if a lower confidence bound, say A, for ﬂi)#)- can be obtained, then P =

[2 [F(z + A))*~1dF(z) is a lower confidence bound for the PCS (). In the following,

z=0

lower confidence bounds for the ﬂﬂl;'“;ll are derived for the two cases where the scale

parameter [ is either known or unknown.

Let X3} <... < X[4) denote the ordered statistics of X1,..., X%, and let X(i) denote
the random observation associated with 8y, = 1,...,k. For each fixed g, let §° =
(69,...,6)) where 6 = —co for i = 1,...,k — 2, and 69 = 6(i), for i = k — 1, k. Then we
obtain the following lemma which is analogous to Lemma 1 of Kim (1986).

Lemma 2.1. Let f(y) be the density function of F(y). Assume that log f(y) is concave on

(0,00). Then, for each fixed ¢ > 0,
a) Pg{X[x) — X[x—1) > ¢} is nonincreasing in 6(;), and therefore,
b) PQ{X[k] — X[k—-l] > c} < P€0{|X(k) — X(k—.l)l > C} for all Q

Proof: Without loss of generality, we may assume that 6; < ... < 6;. Then, for each fixed
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¢ > 0, straightforward computation leads to

Po{Xir) — Xpg—1 > ¢}

K
= ¥ Py{X; < X;—cforall j # i}
=1 ~

o0 6, —; — ko1 [ i — 0 —
(0;,-—01+C)/ﬂ =2 :8 =2 ( ji=1 ﬁ

Or—06i+c)/B i

oo 0. — 0. —
+/ “r F( +—’°0—’c>dﬁ’(y).
max((0r.1—0x+c)/B,0) J=1 IB

Then,

)
36, T Xim — Xje—1) > ¢}

B I;g: /(:_91+c)/ﬂ g~ mi F( + %)] [f (y+ W) Fly)—
f ( - %) f (y 4o )]
" /(:—01+C)/ﬂ B [m—2 ( * c)] f (y+ %) fy)dy
B /r:x((ok 1=8k+¢)/8,0) [ Lo ( _;m—c)] f (y+9L—§;_—c‘> f(y)dy

= I + I, — I5 (say).

Note that under the assumption, f(y + 01—_0-';6)f(y) < f(y — ﬁ)f(y + —-7-) for all

y > Q*"—gd'—c since y + 91—_3-’: Sy—5y+ OI—E-L < vy. Thus, I; £ 0. For the difference

I, — I3, we consider the following two cases.

c) dF(y)



Case 1. As ;1 — 6 + ¢ > 0, after changing variables,

I — I

- / ~ g-1 ["7?1 F
(8 —61+c)/B m=2

i k—1
_ 5—1 [
/(ek_1—01+c)/ﬂ m=2

_ ° -1 | k=1 01—0m—c)][ ( 91-—01‘;—6) . (_E)

/(ek_01+c)/ﬂ B [mle y+——ﬂ f y+—ﬂ fly)—fly 3
6, — 0

f(y+ - )]dy

(0x—b1+<) /B k—1 6, -6, —c ¢ 6, — 6
_ -1 ,,F( +1_m_)] (__> (+1_k)d
/(ok_1—01+c)/ﬂ B [m=2 Yy 3 fly 5 fly 5 Y

<0

(2.2)
since at the right-hand side of (2.2), the first term is nonpositive, see the preceding argu-

ments, and the second term is nonnegative.

Case 2. As 61 — 0 + ¢ < 0, changing variables and following straight computation, we

have

I — I3

= /(:_01+c)/ﬂ gt [:fz F (y T ek el Zm — C)] f (y Jh bt _gk * c) fy)dy
oo 7L (2| £ (5-5) 1 (5 25
o b R o | e e ORI ()

f (y+ b - ek)

p
(0x—01+c)/B _ 0, -6, —c c 6, — 06
-1 |kt A-m—C _£ 1 — %)
o /(ek—ol)/ﬂ i [m=2F (y * g )] d (y ﬁ) d <y+ g ) %

<0.

Based on the preceding discussion, it follows that %(I)PQ{X[’C] — Xpp—qy > ¢} <0
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Therefore, Py{ Xz — th-—l] > c} is nonincreasing in ;). Part b) is a result of repeated

application of part a). ' O

2.1. The Scale Parameter 8 Known Case

Let H(t) be the distribution function of (Xl_ol);(Xro?) . Note that the distribution
of &ﬂ—_e,-_ is independent of §; and ,B Thus the distribution H(¢) is independent of 6,0,

and B. For any real value ¢,

I F(y+t)dF(y) ift> 0;
H(t) =
[ F(y +t)dF(y) ift<0.

Also, H(—t) = 1 — H(t) for all . For each fixed @,0 < a < 1, let ta be the upper
%—qué,ntile of the distribution H(t). By the symmetric property of H(t),ts > 0. For this

fixed @, define a nonnegative function L4(t) on [0, c0) implicitly by
H(Lo(t) —t) + H(=La(t) —t) = fort > ta (2.3)

and Lo(t) = 0if 0 <t <tg. One needs to prove that the function L, (t) is well defined.
Lemma 2.2. Assume that log f(y) is concave on (0,00). Then, the function L,(t) defined
implicitly by (2.3) always exists.
Proof: Let h(t) be the density function of H(t). Then h(t) is symmetric about the point
0. Under the assumption, one can see that h(t) is unimodal and h(t1) > h(t2) if |t1] < |t2|.
For each fixed ¢ > t2, define the function M(c) for ¢ > 0 as follows: M(c) = H(c —
t)+ H(—c—1t). Then, M'(c) = h(c—t)—h(—c—1t) > 0 for ¢ > 0 since [c—t| < ¢c+%. Thus,
M(c) is strictly increasing in c. Now, M(0) = 2H(—t) < 2H(—~tg) = a since t > ta. Also,
CEIEO M(c) = 1. By the continuity and strictly increasing property of H(t), there exists a
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unique ¢ > 0 such that M(c) = H(c—t)+ H(—c—t) = a. We then denote that c by La(2).
Thus, La(t) is well-defined. | O
Lemma 2.3. For given 0 < a < 1, the function La(?) is strictly increasing in ¢ for ¢ > ta.
Proof of the above lemma is straightforward.
Remark 2.1. a) For each fixed a,0 < a < 1, by the definition of L4(t), as t — 0o, Ly(t) —
t — t1—o Where t;_, is the point such that H(t1_4) = a. Since t;_, is a fixed number,
La(t) » c0ast — 0o. Also,as 0 < a < %,La(t)—t < Oforallt > ta. This can be verified
by noting that if Lq(t) > ¢ for some t > ts, then, & = H(La(t) — t) + H(=La(t) — t) >
H(0) + H(—Lq(t) — t) > 7, which is a contradiction.
b) Since Lq4(t) is strictly increasing in ¢ for ¢ > tz and Lo(t) = 0for 0 <t < ta,
we may have a generalized inverse function of Lo(t) by letting L;'(0) = tg and for
s> 0,L7 (s) =t if Lo(t) = s. Note that L;1(s) is strictly increasing in s.

In the following, we give a conservative 100(1 — a)% lower confidence bound for

86y =0k —1)
5 .

Theorem 2.1. Assume that log f(y) is concave on (0,00). Then, Pg{ﬁw_—g("‘—l)- >

L, (ﬁﬂ‘—;‘lﬂl)}zl—afor all 6.

Proof: By Lemma 2.1 and the definition of L,(t), it follows that

P, {G(k) —%0-n _ (X[k] = X1 )}

4 B B
_p {L;1 (9<k) —9(k—1)) < X —X[k—ll}
4 B B
_1 (8w —9(k—1)) Xy = X(k-1) }
< P {12 (-(——-_ <
-l { 8 =

= H(La(to) — to) + H(—La(to) — to)

= «, by the definition of L(t),
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where ty = L;l(ﬂﬁ_—gu)-) and where §° and X(;) are defined previously. Thus,

Oy — 01 X — Xp—
Pa{%ﬂa(%uﬂzl_afmug, 0

The following theorem is a direct consequency of Theorem 2.1.
Theorem 2.2. Let P = [ [F (y +Lg (ﬁﬂ"—;([";ll))]k_l dF(y). Then, under the as-
sumption that log f(y) is concave on (0, 00),

Po{PCS (6) 2 P} > 1 - a for all 6.

That is, P, is an at least 100(1 — )% lower confidence bound for the PCS (9).
2.2 The Scale Parameter 3 Unknown Case

When the scale parameter § is unknown, foreach i = 1,...,k,let T; = T(X1, ..., Xin)
be a nonnegative function of Xji,...,X;,, which depends on X;i,..., X, only through
the difference X;; — X;,7 = 1,...,n. That is, T is a location-invariant function. It
is assumed that the function T is such that T(czy,...,czn) = ¢T(z1,...,z,) for any
positive value c. Also, let S = S(T1,...,T;) be a nonnegative function of 71, ..., T, such
that S(cty,...,ctr) = cS(t1,...,t) for all ¢ > 0. If for each i = 1,...,k, X; is a complete
sufficient statistic for the parameter 6;, then T; is independent of X; since the distribution
of T; is independent of the parameter §;. Therefore, the distribution of $ is independent
of the parameters 61,...,0;, and S is independent of (X7,...,X). Also, by the preceding
assumption, the distribution of W = % is independent of the parameter 5. Let Q(w)
denote the distribution of W.

For each fixed 0 < a < 1, let t’% be the point such that fOOOH (——t’%y) dQ(y) = %.

Note that ta > 0. Define a nonnegative function L7(t) on [0, 00) implicitly by
| @ - )+ B-L2(0) ~ 1)) = o for £ 2 45 (2.4)
0
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and L}(t) =0if 0 <t < ts. Analogous to Lemmas 2.2 and 2.3, we have the following
lemma.
Lemma 2.4. Assume that log f(y) is concave on (0,00). Then, L} (t) always exists. Also,
L%(t) is strictly increasing in ¢ for ¢ > s and L7 (t*%> = 0.

Analogous to Remark 2.1.b, we let L% ' (-) be the generalized inverse function of L% ().
It should be noted that L;_l(s) is strictly increasing in s for s > 0. Now, a conservative
100(1 — )% lower confidence bound for (6(xy — 0(x—1))/B is given as follows.

Theorem 2.3. Assume that log f(y) is concave on (0, 00). Then,

Py

Oy — G- X — X
ﬂ{ (k) (k 1)>LZ(M)}21—aforaHQandﬂ.

3 S

Proof: By Lemma 2.1, it follows that

Ok) —Ok—1) _ o [ Xi) — X[k—1)
P‘i”ﬂ{ g ~le 5 )

et (O —0a-1)\ _ Xk — Xpp—q]
o (I (M52 ) < S

-1 e(k) - 9(k_1)) S X[k] - X[k-—l] }
Py LY [—2——) > <2 201
Q’ﬂ{ « ( B B~ B
-1 (O — 9(k-1)) S 1 Xw) — X@a-1) }
<P L, [————= )= <

_ /0 L (t0) = toy) + H(=L2 (t0) — toy)]dQ(y)

=«
where ty = Lz-l (fﬁf—z(";l)-) and the last equality is obtained due to the definition of
L% (t). Thus, the proof of this theorem is complete. O

Theorem 2.4. Let P} = fooo [F (y + L7, (?ﬁ&]:l_;ﬁ@l))] = dF(y). Assume that log f(y)

is concave in (0, 00). Then

Py ,{PCS (8)> Pi} > 1~ a for all g and 6.
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3. Selecting the Best Exponential Population

Let X;;,7 =1,...,n, be a sample of size n from a two-parameter exponential distri-
bution with density function g(z|6;, 8) = ﬁ_le—(z_e‘)/ﬂI(g'.,oo)(:v),i =1,...,k, where the
common scale parameter § may be either known or unknown. The best population is the
one associated with the largest truncated location parameter ;). Foreach i =1,...,k, let
X; = min(X;1,...,Xin). Based on Xj,..., Xk, the natural selection rule selects the pop-

ulation yielding the largest sampled value X as the best population. The corresponding
PCS is:

_(y+ "ﬂ"(k)ﬁ-"m 2)

PCS (Q):/ - eYdy
y=0 =1

b (3.1)
l1—e

7
> / e Ydy.
y=0

In order to find out a lower confidence bound for the PCS, we need to obtain a lower
confidence bound for MLC.)__’B_BM)_)' We consider two situations according to whether the

common scale parameter # is known or unknown.
3.1 Lower Confidence Bound for PCS: 8 Known Case

Let p; = 1‘% and Y; = %‘ Then Y; — p; has an exponential distribution with density
fly) = e V1o 00)(y). Let H(t) be the distribution of (Y; — g1) — (Y2 — p2). Then,

1—1et ift>0
H(t) = 2 =
() {%et ift <O0.

For fixed a € (0,1), let tg denote the upper §-quantile of H(t). Then, ta = —fna.
Define function Lq(t) on (0, 00) such that H(Lqa(t) — ¢) + H(—La(t) —t) = a for t > ta,

and Lq(t) = 0if 0 <t < tg. Since higher confidence statement is always desirable, we
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need to consider only a € (0,3). By Remark 2.1.b, Lo(t) —t < 0 for all t > 0. Thus,

straightforward computation gives that Lo(t) = fn [ae’ +va2e?® —1|. From Theorem

2.1, letting A = M[ﬂ—ﬂ—x[";lﬁ, we have

B

~

Oky — O(k— -
Py {”( ()~ be-y) L,,,(A)} > 1 — a for all 4.
Letting Pp, = f;:o[l — exp(—y — La(A))]*~1e~¥dy, we then have:
Py{PCS (§) > P} > 1 — a for all §.

3.2 Lower Confidence Bound for PCS: 8 Unknown Case

k n . .
When the common scale parameter 8 is unknown, let S= ¥ % (—f&%}l{)’) Then S
=1 j=1

is independent of X3,..., X} and ﬂ"—glﬁ has a gamma distribution with shape parameter
m = k(n — 1) and scale parameter 1. Let Q.,(y) denote the distribution of % For

0 < a<l,let t’%_ be the point such that fOOOH (— ’%y) de(y) = %. Straightforward

computation yields t"‘2 =m (a"}n‘ - 1). The function LZ%(¢) is then implicitly defined by

| @0 -0 + B0 - wldem() = a for t 2 1
0
and L} () =0for 0 <t < t%. Thus, for ¢t > t*%,LZ(t) is such that
L/ q
— e~ Loyt
[ - e danw

© 1, ©1 ..
[ SO )+ [ 5T (w) = o
L*()/t 2 o 2

Also, from Theorem 2.3,

Ok — Ok— X — X
PQ,ﬂ{n( (k) ; (k=1)) > It (n( [K] E [k 1]))} >1—a for all @ and §.
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Letting A* = M—X&l:;ﬁk‘—lﬁ and P} = I — exp(—y — L (A*)]*~1e~¥dy, we then have
Py ,{PCS (6) > P{} >1— o for all § and B.

The values of the function L}(¢) are given in Tables 1 and 2 for & = 0.05,0.10 and for

selected values of m and ¢ > t",;‘. Note that when m is sufficiently large, t’% ~ —f¢na and

L(t) = fn [ae' + Va2e?t — 1] for t > t%.
4. An Nustrative Example

We use the insulating fluid example (taken from Table 4.1, page 462 of Nelson (1982))
to illustrate the way to implement the proposed procedure. There are six groups of in-
sulating fluid. The purpose is to identify which group of insulating fluid has the largest
guaranteed life-time when subjected to high voltage stress. Ten items from each group are
put in a life-test experiment which is subject to high voltage stress. It is assumed that the
distribution of the life-time for each insulating fluid is a two-parameter exponential with
common unknown scale parameter 3. The times to breakdown in minutes is shown in the

following.

Table 3. Times to Breakdown

Group 1 . 2 3 4 5 6
1.89 1.30 199 1.17 811 212
4.03 2.75 064 387 317 3.97
1.54 0.00 215 280 555 1.56
0.31 217 108 0.70 0.80 1.49
0.66 0.66 2.57 3.82 0.20 8.71
1.70 055 093 0.02 113 210
2.17 0.18 4.7 050 6.63 7.21
1.82 10.60 0.82 3.72 1.08 3.83
9.99 1.63 206 006 244 134
2.24 0.77 049 357 0.78 5.13
X; 0.31 0.00 049 002 020 1.34

From Table 3, we obtain: X; = 0.31, X5 = 0.00, X3 = 0.49, X, = 0.02, X5 = 0.20 and
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Xe = 1.34. According to the natural selection rule, we select Group 6 as the best group.
Then, a reasonable question is: what kind of confidence statement can be made regarding
the PCS? For this purpose, based on the above given data, we have n(—X[gS_;X[ﬂl = 3.8455.
For different a values, the 100(1—a)% lower confidence bounds P of the PCS are computed

and given as follows:

« | 005 010 015 020 025
Pr | 05356 0.7373 0.8166 0.8501 0.8856

Thus, we can claim, for example, that with at least 85 percent confidence, PCS > 15; =

0.8166.
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