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Abstract

Let X;,Xo3,... be a sequence of random variables, (X1,...,X,) ~ F 0 € ©. In a
work by Bahadur [1], it was shown that for some sequential problems, an inference should
be based on a sequence of sufficient and transitive statistics S, = Sp(X1,...,Xn). A

simple criterion for transitivity is given in Theorem 1.

Introduction

Let X1,X2,...,Xm m < oo be a sequence of random variables, (X1,...,X,) ~ F§,
# € ©. Bahadur has shown in [1] that in a typical sequential decision problem it is
enough to consider a sequence of sufficient and transitive statistics. It was shown that:
The risk function of any sequential procedure A based on X;,X5,..., can be achieved
by a procedure A’ based on Si,85,..., if S1,S52,... is a sequence of transitive sufficient

statistics.

Definition: The sequence S, is transitive if under each of the measures FJ*, § € ©

S1,849,... i1s a Markov sequence.

An important work dealing with the concept of transitivity is [2]. Some criteria for
transitivity are given there using invariance considerations. The simple criterion stated in

the following Theorem 1 seems to have been overlooked so far.
Section 1: We will assume in the sequel that:

(1) Fg < Fg forsome 6o€0©, n=1,...
Let Sy, be a sequence of sufficient statistics. Then:

(2) dFg(s1,...,5n) = f§ (sn)dFg (s1,...,8n)

and it is obvious that Sy, S2,... is a Markov chain under Fj iff it is a Markov chain under
9.
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Denote dF,;""1 (S15+++38n,8n+1|Sn = $n) the conditional distribution of S;,...,Sn11

conditional on S,, = s,,. Then:

s
(3) dFo'H'l(sl,. ee38n+1|Sn =8p) = —-—MdF"'H(sl,. «v38n+1|Sn = 1)

f8 (sn)

Lemma 1: Suppose S;,Ss,... is a sequence of complete sufficient statistics for the mea-
sures F}'(s1,...,5,) 0 € ©. Then for every value s,, Sp11 is complete and sufficient for
S15+++5Sn+1 in the parametric family F:‘H(sl, cersSnt1|Sn =8p) 0 € O,

Proof: Sufficiency is obvious from (3), we will prove completeness.

Notice that F.;;'H (dsp+1) > Fg(‘;"l (dsn+1|sn). Here Fg:"'l (dsn+1) and F;;'H (dsn+1|sn)
are respectively the marginal distribution of s,+; and the conditional distribution of Sy,.1

conditional upon Sy, = s, under Fy, (dsy,...,ds,). Hence we can write Fo (dsn+1 |sn) =

‘P(sn+1)F(;:,+1 (dsn+1)°
Let h(sp+1) be a real valued function, then:

+1
/ h Sn+1 Esn-)i-l) dF +1(sn+1|sn) =0

if and only if
h(8n11) F3 T (Snt1)@(Snt1)dFg (8p41) = 0.

By completeness of Sy, the latest is true for every 6 implies A(sp+1) - ©(Sn+1) = 0; this
implies h(sp+1) = O for s,+1 belongs to the support of F""'1 (dsn+1lsn), the proof now
follows.

Theorem 1: Suppose Si,S2,... is a sequence of complete sufficient statistics. Then
51,852,... is transitive.

Proof: Consider the family dFy*'(sy,...,snt1|sn) 8 € ©. By sufficiency of
Sns (S15...,8n—1) is ancillary for this family. By Lemma 1 S,,; is complete and suf-
ficient. Hence by Basu Lemma [3] S,+1 and (Si,...,Sn—1) are independent conditional

on S, = 8y,.

Section 2: Examples

Most of the examples in [2], can be derived by applying Theorem 1. We will consider
two examples; the first is taken from [2].



Example 1: Let {X;} be i.i.d. X; ~ N(u,0?). Let 6 = £, Let S, X. , then
E(x x,,)2

Sy, is sufficient for Si,...,S, when the parameter of interest is 8, see [4] [2]. Presenting
n n

N(u,0?) as an exponentia.l family, with (3~ X;,) X?) a mjnimal sufﬁcient statistics for

(a , a) we get (Z X,, E X 2) is complete. Hence any function of (Z X;, Z X?) is complete,

in particular S, (Z X;, E X?) = X . By Theorem 1 S,, is transitive.
E(X-' —Yn)z

Example 2: Let (X1,...,Xm) ~ N(6,Z), & known  unknown. A sequence of com-
plete minimal sufficient statistics exists, using the exponential family presentation. This

sequence is transitive, by Theorem 1.
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